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A method is proposed for formulating the boundary conditions at the 
surface of a semibounded mass naturally exposed to solar radiation and 
in contact with the surrounding atmosphere. 

Under na tura l  conditions,  heat t r ans fe r  at a sur face  
takes place in severa l  ways at the same t ime (by con- 
vection, radiat ion,  evaporation).  In such cases  the 
formulat ion of the boundary conditions at the surface  
in one-d imens iona l  p roblems of nons ta t ionary  heat 
t ransfer  presents  cer tain difficulties. 
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F i g .  1. E m p i r i c a l  c u r v e  (1) of  d i u r n a l  
var ia t ion  in so la r  radia t ion q~ol (kca l /  
m 2. hr) [7] and its approx imat ionus ing  

. 
(1): qsol = --9"4T2 + 150r (curve 2). The 
ini t ia l  t ime (~- = 0) cor responds  to 4 a .m.  

A method of taking in toaceoun t  hea t - t r ans fe r  con- 
dit ions at the surface  based on an extension of the idea 
proposed in [1-3] is descr ibed  below. 

Under na tura l  condit ions the a i r  t empera ture ,  the 
wind speed, the solar  radiat ion,  the albedo, the t em-  
pe ra tu re  of objects with which the surface  is involved 
in radia t ive  heat exchange (Tw) , and other factors  
varying  continuously with t ime de te rmine  the na ture  
of sur face  heat t ransfer .  

An analys is  of the exper imenta l  data shows that two 
cases  can be dist inguished: 

1. During the t ime in terval  Tf  none of the factors  
de te rmin ing  the hea t - t r ans fe r  conditions at the s u r -  
face vary signif icantly.  Consequently,  in f i r s t  ap-  
proximat ion  they a re  constant  and their  values ave r -  
aged over Tf  can be used in the calculat ions.  

2. During the in terval  ~'f cer ta in  of these factors  
vary  along curves  that have a single max imum or min i -  
mum. In f i r s t  approximation they a re  represen ted  by 
a quadrat ic  t r inomia l  

y = Yl ~:~ + V~.~ + v3, (1) 

where Vt, V2, and V a a re  constants  and0 - r _< Tf. For  
example, the quanti t ies  q~ol (Fig. 1) and T a (Fig. 2) 
a re  well descr ibed  by (1). 

Thus,  in the second case we assume that some factors  
a re  constant  and others  va ry  in accordance with (1). 

In the genera l  case the heat balance equation for 
the surface  is 

q~ = q~o~-- q~o~-- qr - -  %- (2) 

H e a t - t r a n s f e r  theory provides var ious  formulas  
from which the quanti t ies  on the r ight -hand side of 
Eq. (2) can be calculated with varying  accuracy for 
specific conditions. Thus, 

qso, = ( t - -  r) q:ot' (3) 

qc = a  [T(0, ~)--Ta] ,  (4) 

where T(0, T) is the surface  t empera tu re  at t ime T. 
The evaporat ion losses  qe depend on the difference 

of the absolute humidity of the a i r  at two heights AE 
and on the wind speed v. tn accordance with [4], 

qe = ~ v h  E, (5) 

where ~ is a coefficient.  
The radiant  heat flux qres  is usua l ly  de te rmined  

f rom the Stefan-Bol tzmann law 

8o/[ r(o ( Tw /'/ 
q~es= (L 1--]-O~--j --k 1-]-~-]/" (6) 

Using the Chebyshev method of best  approximation,  

[T(0 ,  ~)]~ and (Tw ~' with b inomials  of the we replace  [_ 100 J k 100 / 

form nT - p. When T(0, T) and T w vary  over the same 
t empera tu re  range,  the coefficients n and p a re  r e -  
spectively equal and express ion  (6) is wri t ten  in the 
form 

q~es=neo IT(O, ~)--Tw ]. (7) 

This t r ans format ion  is very  effective in connection 
with radiat ive heat t r ans fe r  under  na tura l  condit ions,  
where the range of possible  values of T(0,~') and T w 
is not large.  Thus, for the t empera tu re  interval  (268-  
308) ~ K the e r r o r  due to this t r ans format ion  does not 
exceed 7%, and n = 0.96. 

We subst i tute  express ions  (3), (4), (5), and (7) into 
(2). F o r  the f i r s t  case cons idered  all the quanti t ies  in 
these equations a re  constant ,  then 

qs = M - -  NT (0, '0, (8) 

where 

N = a  + neo, (9) 

M = ( 1 - - r ) q ~ o l + a T a - l - n e o T  w - ] - ; v A E .  (10) 

The heat flow qs through the surface  is given by 

q s = - -  ~ dT(O, "0 (11) 
dz 
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Consequently,  the boundary conditions a re  wri t ten  as 

--)~dT(O''~) N [ ~  --T(O, ~)].  (12) 

Rela t ion (12) is fo rmal ly  ident ical  to the boundary 
condit ions of the third kind. Consequently,  we can use 
all those solut ions of the heat conduction equation ob- 
ta ined for boundary condit ions of the thi rd  kind. This  
is one of the pr inc ipa l  advantages of the proposed method 
of formula t ing  the boundary condit ions at the surface.  

Inthe second case as indicated above, some of the quan-  
t i t ies  de te rmin ing  the heat t r ans f e r  condit ions vary  
on the calcula t ion in terval .  We r ep re sen t  these quan-  
t i t ies  by means  of (1) and then subst i tu te  the r e su l t s  
in (3), (4), (5), and (7). Solving, as before, the heat 
balance equation(2) and u s i n g ( l l ) ,  we obtain an expres -  
s ion for the boundary condit ions at the sur face  in the form 

_ )  dT(O, ~) A ~ - k  Bz + C - - D T (  O, "0, (13) 
dx 

where A, B, C, and D are  constants .  
No published solutions of the heat conduction equa-  

tion with condition (13) are  known to the authors .  How- 
ever,  the re la t ive ly  s imple  form of (13) pe rmi t s  us to 
find solut ions of the heat conduction equation using the 
Laplace t r ans fo rm method. Thus,  for a semibounded 
mass  the solut ion of 

O2T (x, z) 1 dT (x, "0 0 (14) 
Ox 2 a O z 

with condit ion (13) and a uni form ini t ia l  d i s t r ibut ion  
T(x, 0) = T o has the following form:  

2A ~2 [ 
T (x, ~) - -  T0 = ~ - -  exp (Hx + H a a'~) • 

xeric ( x ) 
2 + H vrU  + 

4 

B U [__ exp (IIx -I- tt~a ~) x 
+-2N- 

x erfc ( 2-- ~ + Hl/a-~ ) + 

2 

+ ( C - - T o )  [--exp(Hx + H2a~)• 

where 

3 D 2 H eric U = ~ exp (--v 2) d v, =-; '  
t l  
U 

i ~ eric U = i i~-~ eric zdz. 
U 

The functions erfc U and i~erfc U have been tabu- 
lated; their  values  are  given in [5]. 
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Fig. 2. Empi r i ca l  curve  (1) of a i r  t em-  
pe ra tu re  (deg) according to the data of 
[6] and its approximation using (1): T a = 
= 0.17 -2 - 1.5T + 7 (curve 2). The in i -  

t ial  t ime cor responds  to 7 p . m .  

Thus,  the essence  of the proposed method cons is t s  
of examining the heat balance equation for the surface  
with the object r ep resen t ing  the heat flow through 
that sur face  e i ther  as a l inear  function of the sur face  
t empera tu re  (case 1) or as the sum of a l inear  func- 
tion of the sur face  t empera tu re  and a quadrat ic  func-  
tion of t ime (case  2). This  is achieved by se lec t ing and 
t r ans fo rming  the formulas  for the components of the 
heat balance equation (2) so that only the f i r s t  power 
of the sur face  t empera tu re  is r ep resen ted  in those 
formulas ,  while the t ime-va ry ing  quanti t ies can be 
r ep re sen t ed  by means  of a quadrat ic  t r inomia l .  

NOTATION 

T is the a i r  t empera tu re ;  v is thewind speed; q~ol is 
so la r  rad ia t ion  on a horizontal  surface;  r is the albedo; 
k is the thermal  conductivity;  a is the thermal  diffusi-  
vity; o- is  the Stefan-Bol tzmann constant;  e is the r e -  
duced emiss iv i ty ;  ~ is the convective he a t - t r an s f e r  
coefficient;  qs is the heat flow through the surface;  
qsol is the so la r  rad ia t ion  heat  flux; qres  i s  the r e s u l -  
tant radia t ive  heat  flux; qc is the convective heat flux; 
and qe a re  evaporat ive  heat losses .  
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